This paper presents a global optimization algorithm specifically tailored for ultracompact aspherical lens design problems for extended LED sources. The main purpose is to obtain prescribed illumination patterns, particularly the uniform illuminance distribution. This method begins by calculating the initial aspherical lens with two surfaces based on point source approximation. Then a system of polynomials is employed to fit the meridian curves of the two surfaces. In the optimization process, we use the particle swarm optimization (PSO) algorithm to automatically find the optimal polynomial coefficients when the ray tracing simulation is being performed. A series of ultra-compact aspherical lenses with dimension ratio of h/d ranging from 0.95 to 1.25 are presented, where h denotes the center height of the lens and d represents the diameter of the extended source. The results show the high efficiency and versatility of the proposed method in prescribed illumination design for extended LED sources in three-dimensional rotational symmetry geometry. Additionally, an aspherical lens is fabricated and tested, and its practical performance approaches the design.
Introduction
Realizing accurate control of the spatial energy distribution while maintaining the compactness of the optical system for extended light sources is still a rewarding and urgent task, especially for practical applications such as road lighting illuminations, architectural lighting, etc. [1] - [4] . Since thé etendue of an actual light source cannot be neglected in many cases, the design based on point-like source approximation may result in invalid optics designs for actual illumination applications. As a result, to generate exact illumination distributions for extended sources, we need to explore new design methods by taking the source'sétendue into consideration.
For zero-étendue cases, the light source is regarded as a point-like source, in which there is only one single ray passing through each point on the optical surfaces [5] . This approximation can lead to an accurate one-to-one ray mapping relationship between source and target [6] , [7] . However, this approximation always leads to poor performance in a compact lens design where the dimension ratio of h/d is less than 3 [8] . In these cases, the spatial size or the angular extent of the source cannot be ignored during the design phase, because there exists a bundle of light rays collected by each point on the optical surfaces [5] . Any facet on the optical surface has a specific normal vector, and thus cannot precisely control all incident light rays under the prescribed regulation.
Up to now, there exist two major categories of freeform optics design methods for extended sources, i.e., the direct design method and the feedback compensation method. The famous simultaneous-multiple-surface (SMS) design method proposed by Benítez, Miñano et al. [9] is a powerful tool in illumination design for extended sources. In SMS design method, N freeform surfaces are simultaneously designed to couple N pairs of input/output bundles. The SMS method is a robust and efficient algorithm for extended Lambertian sources, but there still exist difficulties for the direct design method in establishing a specific relationship between the input and output wavefronts. Wu, et al. have done many remarkable researches in designing 3D rotational (or freeform) lenses for uniform illumination applications based on the tailored edge-ray principle [5] , [10] - [14] . In Ref. [12] , a compact aspherical lens with a dimension ratio h/d of 2.53 is demonstrated for a uniform illumination pattern by taking both meridional rays and skew rays of the extended source into account to tailor the lens profiles in the meridional plane. Nevertheless, these methods based on the tailored edge-ray principle are only appropriate for prescribed intensity design where the influence of the lens size on the optical performance can be ignored. Researchers have also proposed traditional feedback compensation methods to deal with the illumination design problems for extended sources [15] - [18] , which improve the performance of an optic initially designed with a zero-étendue source through the feedback modification of the lens surfaces based on the simulation result with an actual extended light source. However, these methods are less effective for ultra-compact optical system (for example, h/d < 2) designs due to the difficulty in obtaining the global minimum of a specifically defined merit function, such as the relative standard deviation (RSD). RSD is generally adopted as a performance metric in terms of the uniformity of light distribution.
In this paper, we investigate the optimization technique that aims to find a global optimum solution for rotationally symmetric lens designs with double aspherical surfaces. The method begins by calculating initial surfaces based on a traditional ray mapping algorithm [6] , and then the lens profiles are parametrically defined. In the parameter space, the aspherical surfaces are optimized to minimize a predefined merit function. We define the RSD of uniformity of the illuminance as the merit function. The global optimization algorithm named particle swarm optimization (PSO) method is employed to drive the global optimization process.
There are three main contributions in this work: (1) the proposed algorithm of global optimization is feasible to design super compact aspherical lenses for prescribed illuminance distribution regardless of whether the lens size can be ignored or not; (2) the double parameterized surfaces of the aspherical lens can be optimized automatically when the simulation is being conducted in the ray tracer. Our proposed design method may provide a new way to design illumination optics for those researchers who are not specialized in mathematics or optics; (3) the proposed method can be applied to design optics with 2D area sources as well as 3D volume sources.
The paper is organized as follows. In Section 2, we give the detailed design principles and procedures of the ultra-compact aspherical lens design problem. In Section 3, several challenge design examples are presented to verify the robustness and efficiency of the proposed method. To validate the workability of the aspherical lens generated by the proposed method, an aspherical lens is fabricated and experimentally measured in Section 4. Finally, a brief conclusion is presented in Section 5.
Design Method
The scheme of the proposed design method is illustrated by a flow diagram as shown in Fig. 1 . Firstly, we specify the design requirements, such as the source specifications, the target distributions, the lens structure limitations, and so on. Secondly, the surfaces of an initial lens are derived by traditional ray mapping techniques within the point source approximation. After that, we interpolate the initially designed lens surface data into a continuous surface with a polynomial basis. Meanwhile, the merit function is established to evaluate the optical performance for further optimization. Finally, we modify the coefficients of the polynomials by the heuristic method of PSO algorithms based on the simulation results in the ray tracer. The optimization process stops when the merit function is below the user-defined termination threshold or the number of iterations exceeds the preset value. The whole design process including the initial design and the optimization procedure are carried out automatically.
Initial Lens Construction and Parameterization
To avoid the total internal reflection (TIR) phenomenon that usually takes place for the LED's secondary optics designed with a plane-aspherical structure, a type of lens with double aspherical surfaces is generally adopted for better light control [14] , [19] , [20] . The geometrical layout of our designed lens model is shown in Fig. 2 . Each ray emitted from the source is firstly refracted by the entrance surface and then redistributed onto the target plane by the exit surface.
In the current design phase, the LED source is considered as a point source and the entire lighting system is axially symmetric. Let us consider designing the aspherical lens generating a prescribed uniform illuminance distribution within a circular region with a radius of R, the lighting distance is z = H and the irradiance value is E 0 . The point-like LED source with intensity function I(ϕ) = I 0 cosϕ, where ϕ is the viewing angle and I 0 is luminous intensity at the direction of the normal of the source surface, is located at the origin of the Cartesian coordinate system. The entrance surface of the optical element is predefined as a spherical surface shifted in z direction and can be expressed as C(x, y, z, r 0 , z 0 ) = 0, where r 0 is the radius of the spherical surface and z 0 is the offset of the sphere's center along z-axis's negative direction. The refractive index of the optical element material is n. With all these specified parameters, we can finally construct the aspherical lens model based on the energy ray mapping mechanism and the geometrical ray propagation principle [21] .
Once the initial lens model with double working surfaces is obtained, a system of polynomials is then employed to fit both the entrance surface and the exit surface into two smooth surfaces respectively as follows:
where K represents the number of the polynomials, ϕ k is the kth polynomial, and γ k is the weight of ϕ k and can be calculated based on the least-square method [22] . For p = 1, Eq. (1) represents the inner surface, and specifies the outer surface when p = 2. Several types of polynomials and functions can be employed to represent the smooth surfaces including Zernike polynomials, XY polynomials, B-spline functions [23] - [26] . Due to the 3D rotational symmetry of our designed lens model, we only need to characterize the two meridian curves of the entrance surface and the exit surface. As a result, we apply the most simplified XY polynomials to describe the lens profiles because it can provide enough degrees of freedom to guarantee the fitting accuracy. Therefore, the initial meridian curves of the double aspherical surfaces can be expressed as functions of x and ξ k (k = 1, 2, . . . , K ) as follows:
where ξ 1,k is the kth polynomial coefficient of the inner curve and ξ 2,k is the kth polynomial coefficient of the outer curve. It should be emphasized that only the even-term coefficients are retained since the lens profiles are symmetric with respect to the z-axis. Especially noteworthy is that ξ 1,K +1 , and ξ 2,K +1 denote the central height of the inner surface and the outer surface of the lens respectively, and ξ 2,K +1 remains unchanged in the subsequent optimization process.
PSO Algorithm
The PSO algorithm is a population-based stochastic optimization technique developed by Dr. Eberhart and Dr. Kennedy in 1995 [27] , [28] , inspired by the social behavior of bird flocking or fish schooling. In PSO, there exist a number of individual entities -particles. Each particle represents a potential solution that flies through the search space R S with velocity by iteratively adjusting flying trajectory (including the direction and magnitude of the velocity) according to its personal experience and its social experience [29] . With each particle evaluating the merit function or objective at each iteration, the swarm as a whole is likely to move close to the optimum of the merit function by using the heuristic rules, which has been widely confirmed in the published literatures [30] - [32] . This character makes it a suitable candidate for global optimization in optical design. The PSO algorithm allows a parallel search, which makes it possible to deal with optimization problems with a large number of variables. Overall, the advantages of PSO algorithm described above make it potentially suitable to be applied to complicated problems such as the aspherical optics design. The application of the fundamental PSO algorithm to optical design is straightforward. Each certain optical system solution is represented by a particle with a position vector x i = (x i 1 , x i 2 , . . . , x i S ) T ∈ R S and a velocity vector v i = (v i1 , v i2 , . . . , v iS ) T ࢠ R S in the S-dimensional search space of variable parameters, in which, S represents the number of variable parameters and i donates the i th iteration. The variable parameters may include thicknesses, refractive indices, or aspherical coefficients. The population size N, i.e., the number of particles, is specified by the designer.
The initial population is generated by adding random of the variable parameters to the optical system that has been obtained above. Once the initial population is specified and the merit function (MF) to evaluate the optical system performance is defined, the PSO algorithm will drive the particles to the most promising optimum. In each iteration, the states of the population will be updated based on the following rules:
where p best is the personal best position of the particle in history, g best represents the global best position among all the particles in the current iteration, w is the inertia weight to balance the global and local search abilities, c 1 and c 2 are positive constants named as acceleration coefficients, and rand is a uniformly distributed random number in the interval [0, 1]. The term of c 1 represents a "cognitive "component that pulls a particle back toward its own best position in history, while the "social "component" c 2 drives each particle toward the best position that the swarm has found. Usually, the values of c 1 and c 2 are selected in the range from 0.5 to 2.0 [33] . Large value of w leads to an extensive exploration of the search space, while a small value of w facilitates the local exploration. Relatively better performance will be satisfied if the initially high values of w (typically inside the range of [0.9, 1.2]) gradually decreases during the subsequent iterations [34] .
Optimization Based on PSO Algorithm
Here, RSD is employed as the MF to quantify the uniformity of illumination within the target area. Typically, RSD is defined as:
where N p is the total number of sampling points inside the effective analysis area on the target surface, E s (i ) is the simulation irradiance level for i th checking point on the target area, and E 0 (i) is average of irradiance within the analysis area. A smaller value of RSD represents a more uniform illumination performance.
To derive the final lens model for a good illumination performance under the given extended light source, we apply the PSO algorithm to optimize the initial lens structure by minimizing the merit function defined in Eq. (5) . The detailed automatic optimization process to design an ultra-compact aspherical lens model based on our proposed PSO algorithm is shown in Fig. 3 .
The initial population of N particles is generated by adding small random perturbations to the polynomial coefficients that have been obtained above. The position vector x i is defined as the corresponding polynomial coefficient ξ jk directly. Considering that small changes of high-order terms can have a great impact on surface profile, we choose the absolute value of velocity vector v i as ξ jk /e 2(K −k+1) .
Design Examples

Design Examples for 2D Area Sources
In this section, two types of challenging designs will be given to demonstrate the effectiveness of the proposed method in the prescribed illuminance design for 2D area sources. In the first design, the influence of the lens size on the optical performance can be ignored as the size of the lens is small enough relative to the lighting system. We design an aspherical lens model for a 2D extend source to produce a uniform irradiance distribution onto the target screen. The refractive index of the lens unit is set as 1.4953. The design parameters of the given design examples are listed in Table 1 : H denotes the distance between LED source and target, R is the radius of the target plane, h represents the center height of the aspherical lens, d is the diameter of the LED source, and h/d is the dimension ratio of lens model. Besides, the radius r 0 of the incident spherical surface and the offset z 0 of the sphere's center along the z-axis's negative direction in the initial design are 40 mm and 38 mm respectively. Initially, the lenses are designed based on the point source approximation for the specific configurations. Then the curves of the entrance surface and the exit surface are fitted with two series of polynomials up to the 30th order respectively considering both fitting accuracy and time consumption of the optimization process. After that, the PSO algorithm is employed to dynamically adjust the polynomial coefficients based on the predefined MF when the simulation process is being conducted in the ray tracer. The initial population of N is chosen as 40 and the iteration number is set as 20. For all these final obtained lens models, we perform Monte Carlo simulations with 10 million rays to simulate their optical performance.
As a comparison, we also simulate the illumination performance of the initial lens model without the PSO optimization using the same 2D area source as that of the optimized lens model. The simulation results are shown in Fig. 4 . The designed lens profiles are illustrated in Fig. 4(a) , 4(b) and 4(c). In Fig. 4(f) , the red solid line denotes the normalized irradiance profile of the optimized lens model, and the black solid line represents that of the initial lens model without optimization. From Figs. 4(d) and 4(f), we can see that the result of the initial lens without optimization shows a highly concentrated energy distribution in the central portion of the target region. For the optimized lens model, the illumination uniformity is significantly improved as shown in Figs. 4(e) and 4(f). The RSD within the target region is reduced from 0.199 to 0.02 while maintaining the energy control efficiency η inside the desired illumination area at a relatively high level. The energy control efficiency η is defined as η = E eff /E total , where E eff is the amount of encircled energy inside the effective analysis area on the target plane, and E total is the amount of total energy on the whole target plane. Obviously, with the help of our proposed global optimization algorithm, we can finally derive an aspherical lens model for extended light sources with a super compact structure compared to the light source, a relatively high illumination uniformity, as well as an acceptable energy control efficiency.
In this second design example, the size of the lens can no longer be ignored relative to the lighting system. The detailed design parameters for the design are listed in Table 2 . The simulation Fig. 5 . Similarly, a great improvement in illumination uniformity has been achieved after the global optimization algorithm is employed.
To explore the potential of the proposed global optimization algorithm in designing super compact rotationally symmetric lighting applications, we continue to design a series of aspherical lens models with dimension ratios of h/d = 1.25, 1.15, 1.05 and 0.95 by gradually increasing the size of LED source (i.e., d) while keeping the center height of lens (i.e., h) and all the other design parameters unchanged. The corresponding simulation results of optimized lens models are shown in Fig. 6 . The illuminance uniformity RSD ࣘ 0.08 and light control efficiency η ࣙ 0.9 are guaranteed for all dimension ratios of h/d. Even for h/d = 0.95, RSD = 0.08 and η = 0.9 could still be obtained. 
Design Example for 3D Volume Source
Although the proposed method has been successfully applied to illumination designs for the 2D area sources, we still believe that the proposed global optimization algorithm can be generalized to tackle more challenging illumination problems, such as aspherical optics design for 3D volume light sources. To verify the potential of our proposed design algorithm, we design a compact aspherical lens model with the dimension ratio of h/d = 1.0 for an arc-shaped extended LED source. The conceptual diagram is schematically shown in Fig. 7(a) , where we choose a spherical surface x 2 + y 2 + (z + 24) 2 = 676(z ࣙ 0) as the emitting surface of the extended light source, and the center height of the entrance surface is chosen as 3.0 mm for the initial design. All the other configurations are set to be the same as that of the Table 2 . The simulated illuminance distributions of the initial lens model and the optimized lens model are shown in Fig. 7(c) , which demonstrates a significant improvement of optical performance concerning the illuminance uniformity. The convergences of the merit function RSD of the above designs are shown in Fig. 8 . The values of RSD reach steady states after 20 times of iteration steps. And the running time of the optimizations of these designs is no more than 10 minutes on Intel Xeon E3-1230 v3 with 16 GB RAM. All the polynomial coefficients of the final obtained lens models above are tabulated in the Appendix.
Experiment
To verify the feasibility of our proposed design algorithms, we fabricate a prototype by using the Single Point Diamond Turning Techniques. This lens is chosen with the dimension ratio h/d = 1.05 which is designed above, where the lighting distance H = 100 mm, as shown in Fig. 9(a) . We choose Cree's chip-on-board (COB) LEDs CXB2540 [35] as the light source. The diameter of the effective emitting area of the LED emitter is 19.00 mm. The lens material is PMMA, whose refractive index is about 1.49. To avoid the blockage, we place the camera in front of the target plane to record the light distribution. The experimental setup is as shown in Fig. 9(b) . The captured pattern and the measured illumination distribution along with the line y = 0 mm are depicted in Figs. 9(c) and 9(d). The experimental testing results demonstrate relatively high agreement with our simulation results, which proves that our proposed design optimization algorithm is highly efficient for the design of ultra-compact aspherical lenses based on extended sources. The fabrication errors and alignment errors are the two main error sources that contribute to minor differences. The RSD and energy control efficiency η are equal to 0.073 and 0.89 respectively within the prescribed region with a radius of 100.00 mm.
Conclusion
In the paper, we develop a global optimization algorithm to design ultra-compact aspherical lenses to transfer the light emitted from extended light sources to uniform illumination distributions on the target plane. The design algorithm is based on the heuristic rules of PSO and can be conducted automatically by non-experts in optics design. Many illumination design examples for extended sources are developed to verify the efficiency of the proposed design method. Simulation results show that the design method can realize the desired illumination patterns even for a super compact lens model with dimension ratio h/d less than 1.0. Besides, the proposed design algorithm can be applied to design optics in generating prescribed illumination patterns for both 2D area sources and 3D volume sources. We also demonstrate the effectiveness of our proposed method by prototyping one of the designed lenses, where the experimental performance is quite consistent with our simulation result.
In future work, we will apply the global optimization technique to tackle more challenging illumination design problems for extended light sources, such as non-rotationally symmetric lighting systems.
